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ABSTRACT 

In the current context of promoting the large-scale use of renewable energy, the 

installation of wind turbines in the offshore and onshore environments is opportune. 

According to statistics, in 2022 offshore wind installations generated 21 GW, respectively 

22.3% of a total of 94 GW produced by all offshore and onshore wind installations. This 

contribution was, also, estimated to increase in the coming years. In the Romanian sector 

of the Black Sea, the first wind farm will be installed in four years, according to the 

Romanian Ministry of Energy. Therefore, in our paper, we start with a short presentation 

of the different support types of the offshore wind turbine. According to the specialized 

literature, we found that the monopile has the simplest construction and is the most used 

in water with a depth of less than 50m. Further, we show theoretical aspects regarding the 

wave parameters and kinematics, wave spectra, wave forces, and overturning moments 

that act on a monopile in different conditions. Based on a Black Sea dataset and working 

scenarios, we performed several sensitivity studies on wind turbine support dimensions, 

wave characteristics, wave forces, and overturning moments. Finally, the variation ranges 

of wave forces and overturning moments will be estimated, under the environmental 

conditions of a Black Sea sector for different sizes of a monopile. These are useful in the 

design of an offshore wind turbine.  

Keywords: wave force, wave spectra, offshore wind turbine, Black Sea 

 

INTRODUCTION 

In the current context of promoting the large-scale use of renewable energy, the 

installation of wind turbines in the offshore and onshore environments is opportune. In 

2022, wind installations generated a total of 94 GW of which 21 GW were produced by 

those in the offshore environment [8]. This contribution is attempted to increase in the 

next years. The first wind farms in Romania’s part of the Black Sea are expected in 2027-

2028 [18].  

Offshore wind turbines, compared to those installed onshore, are subject to more intense 

environmental conditions, because, in addition to the wind force, there are also the forces 

of waves and currents acting on the turbine support. Recently a lot of seasonal 

environmental parameters were measured in different areas of the Black Sea in order to 

establish if the wind farms are feasible in the Romanian sector of the Black Sea [12, 13]. 

The offshore wind turbines have different support types which depend on the water depth 
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as we show in the next section of the paper. From these, we choose the monopile because 

it is appropriate for water depth at the measurement points and also is a simple structure. 

Therefore, in our paper, we consider the environmental parameters to establish the 

magnitude of the wave forces and overturning moments that act on a monopile 

considering a regular, respectively irregular wave model.  

TYPES OF WIND TURBINE 

A wind turbine converts first the wind energy into mechanical energy. This mechanical 

energy activates a generator that produces electrical energy. The first wind turbine that 

generated electricity was installed in 1887 by James Blyth in Scotland [19]. Also in the 

same year, the American Charles Brush built the first automatic wind turbine [19].  

Figure 1 shows several types of wind turbines. Some of these have blades with different 

configuration and orientation of the axis (horizontal plan (HAWT-Horizontal Axis Wind 

Turbine) or vertical plan (H-Blade VAWT- H-Blade Vertical Axis Wind Turbine)).  

 

Figure 1. Wind turbine with horizontal axis (HWAT) and vertical axis (VAWT) [17]. 

 

The HAWT-type turbine with three blades is the most used [7, 19]. The wind turbines 

can be installed onshore and offshore environments. Compared to an onshore wind 

turbine, the one installed in the offshore environment requires a special support or 

substructure that constitutes the foundation of the wind turbine.  

 
Figure 2. Types of foundation for offshore wind turbines, a. gravity-base, b. monopole,                                    

c. suction caisson, d. tripod, e. jacket, f. TLP, g. ballast stabilized spar buoy [1]. 

a. b. c. d. e. f. g.
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As can be seen from Figure 2, the substructure of the offshore wind turbine has different 

configurations being fixed or floating. The fixed substructures like monopile, tripod, 

jacket, gravity base, and suction caisson are used in relatively shallow waters. 

Alternatively, the floating structures (TLP and ballast stabilized spar buoy), are used in 

the deep water. All these substructures are subject to wave and current loads. 

REGULAR AND IRREGULAR WAVES  

Regular waves 

The regular waves are the idealized having the same sinusoidal form on each cycle and 

the same characteristics for all cycles. In water of depth, 𝑑, regular waves are 

characterized by the following parameters: wavelength, 𝐿, period, 𝑇,  angular frequency, 

𝜔, celerity, 𝑐,  amplitude, 𝑎, number of wave, 𝑘,  steepness, 𝑠 (Figure 3). 

Table 1 shows the regular wave parameters and their relations.  

Table 1. Waves parameters. 

Parameter Measured unit Equation 

Angular frequency rad/s 𝜔 = 2𝜋/𝑇                              (1) 

Wave amplitude m 𝑎 = 𝐻/2                                (2) 

Celerity m/s 
𝑐 = √

𝑔

𝑘
tanh (𝑘𝑑)                  (3) 

Wave number - 𝑘 = 2𝜋/𝐿                               (4) 

Wave steepness - 𝑠 =
𝐻

𝐿
                                      (5) 

if 𝑠 > 1/7 wave too steep 

 

 

Figure 3. Airy linear wave model. 

 

The free propagation of the waves with some amplitude, 𝑎 occurs when the angular 

frequency, 𝜔, and wave number, 𝑘 satisfy the dispersion relationship [3]: 

  𝜔2 = 𝑔𝑘 tanh(𝑘𝑑)    or    
2π

𝑇2 =
𝑔

𝐿
tanh (

2𝜋𝑑

𝐿
)          (6) 

The wavelength, 𝐿, is calculated from the dispersion equation (6). 

Using the product between wave number and water depth, 𝑘𝑑 or ratio between water 

depth and wavelength, 𝑑/𝐿, the waves  are [3, 6]:  

 Deep water waves, for 𝑘𝑑 > 𝜋 or 𝑑/𝐿 > 0.5; 

 Intermediate water waves, for 0.1𝜋 < 𝑘𝑑 < 𝜋 or 0.05 < 𝑑/𝐿 < 0.5; 

 Shallow water waves, for 𝑘𝑑 < 0.1𝜋 or 𝑑/𝐿 ≤ 0.05. 
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In order to model the free surface of the sea and the wave kinematics in a deterministic 

manner, it was necessary to make the following assumptions [3, 10]: the fluid flow is 

ideal (without or little compressibility and without viscosity) and irrotational. Also, the 

flow is two-dimensional, the seabed is horizontal and the wave is regular with small 

steepness. The wave moves in the direction of the x-axis, the origin of the axes z-x is at 

the mean sea water level (MSL), and water particle velocities are smaller than wave 

celerity (Figure 3).  

There are different wave theories like linear waves (Airy wave theory), the nth order 

Stokes theory, the cnoidal waves theory, the stream function theory, etc. [3, 5] to model 

the free surface and kinematics of the waves. Figure 4 shows a chart that allows the 

selection of wave theories taking into account the two ratios H/gT2 and d/ gT2. 

 
Figure 4. Chart for wave theory selection [3]. 

 

The value of wave steepness, 𝑠 is also used to decide between the linear or non-linear 

waves theory [5]. Therefore, the linear wave theory is chosen if 𝑠 <0.01. Alternatively, 

for 𝑠 >0.01 the 5th-order Stokes waves theory is more appropriate [4]. Because the 

application of 5th order Stokes wave theory is more complicated than linear wave theory, 

often the last one is used for waves with 𝑠 >0.01 [5]. In the chart, the parameter 𝐻𝑏 refers 

to the limit of wave height in a shallow and intermediate water depth.  

Another way to select some wave theory is based on the product 𝑘𝐻 that can be calculated 

with the following equations [3]: 

 For the superior limit of linear wave Airy theory: 

  𝑘𝐻 = 0.8
(sinh(𝑘𝑑))3

(3+2(sinh(𝑘𝑑))2)cosh (𝑘𝑑)
 (7) 

 For a limit of linear wave Stokes 2nd order theory: 

  𝑘𝐻 < 0.924
(sinh(𝑘𝑑))3

(1+8(cosh(𝑘𝑑))2)0.5 (8) 
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 For limit between 3rd and 5th order Stokes theories: 

o For shallow water 

   
𝐻

𝑑
< 0.725(𝑘𝑑)2 (9) 

o For deep water: 

   
𝐻

𝑑
< 0.1 (10) 

Also, the Ursell parameter or perturbation parameter that shows the influence of water 

depth on the non-linearity of waves given by the following relation [14]: 

  𝑈𝑟 =
𝐻

𝑑
(

𝐿

𝑑
)

2

 (11) 

can be used to establish the wave theory in the case of shallow water, when the length of 

waves is larger than the water depth, 𝐿 ≫ 𝑑. Therefore, if the Ursell parameter is much 

smaller than 100, 𝑈𝑟 ≪ 100, linear wave theory can be considered. 

Further, we consider the linear wave Airy theory and the 2nd order Strokes’ theory because 

these are the most used and simplest. Also, we consider only the horizontal component 

of the velocity and acceleration of the water particles for the two theories (Table 2) 

because, in the calculus of wave force, only these components are necessary.  

 

Table 2. The free surface elevation and kinematics of the waves – Linear wave Airy theory                                 

and 2nd order Stokes theory. 

Parameter Linear Airy theory 2nd order Stokes theory 

Free surface 

elevation 
𝜂(𝑥, 𝑡) = 𝑎 ∙ cos (𝑘𝑥 − 𝜔𝑡)           (12) 

𝜂(𝑥, 𝑡) = 𝑎𝑐𝑜𝑠(𝑘𝑥 − 𝜔𝑡) +
𝜋

2 

𝑎2 𝑐𝑜𝑠ℎ(𝑘𝑑)

𝐿 𝑠𝑖𝑛ℎ3(𝑘𝑑)
∙ 

[2 + cosh (2𝑘𝑑)]cos (2(𝑘𝑥 − 𝜔𝑡))       (13) 

Velocity 
𝑢(𝑥, 𝑡) =

𝑎𝜔 ∙ cosh(𝑘(𝑧 + 𝑑))

𝑠inh(𝑘𝑑)
 

∙ cos(𝑘𝑥 − 𝜔𝑡)                            (14) 

𝑢(𝑥, 𝑡) =
2𝜋𝑎∙𝑐𝑜𝑠ℎ(𝑘(𝑧+𝑑))

𝑇 𝑠𝑖𝑛ℎ(𝑘𝑑)
  

∙ 𝑐𝑜𝑠(𝑘𝑥 − 𝜔𝑡) +
3

4𝑐
(

2𝜋𝑎

𝑇
)

2

  

∙
𝑐𝑜𝑠ℎ(2𝑘(𝑧+𝑑))

𝑠𝑖𝑛ℎ4(𝑘𝑑)
∙  𝑐𝑜𝑠 (2(𝑘𝑥 − 𝜔𝑡))        (15) 

𝑐2 =
𝑔

𝑘
𝑡𝑎𝑛ℎ (𝑘𝑑)                                  (16) 

Acceleration 
u̇(x, t) =

∂u(x, t)

∂t
= 

𝑎𝜔2∙cosh(𝑘(𝑧+𝑑))

sinh(𝑘𝑑)
∙ sin(𝑘𝑥 − 𝜔𝑡)  (17) 

u̇(x, t) =
𝑎𝜔2 ∙ cosh(𝑘(𝑧 + 𝑑))

sinh(𝑘𝑑)
 

∙ sin(𝑘𝑥 − 𝜔𝑡) +
3𝜋

2𝐿
∙ (

2𝜋𝑎

𝑇
)

2

 

∙
cosh(2𝑘(𝑧+𝑑))

(sinh(𝑘𝑑))4 sin (2(𝑘𝑥 − 𝜔𝑡)                 (18) 

 

In the table above: 

𝑎 is the wave amplitude, m; 

𝜔 − wave angular frequency, rad/s; 

𝑢(𝑥, 𝑡) −horizontal component of wave velocity, m/s; 
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u̇(x, t) − horizontal component of wave acceleration, m/s2; 

𝑡 −time, s; 

𝑇 − wave period, s; 

𝐻 − wave height, 𝐻 = 2𝑎, m; 

𝑥, 𝑧 −horizontal and vertical coordinate axes;  𝑥 = 0 at the origin of the axis; 𝑧 = 0 at 

mean water level, 𝑧 = −𝑑 at the seafloor and 𝑧 = 𝜂(𝑥, 𝑡) at the instant water free surface 

elevation.  

The parameters from Table 2 are determined along the wave at a level z. 

Irregular waves 

The sea waves are created by wind, ship movement, tides, or earthquakes having random 

characteristics, these being irregular waves (figure 5). The regular and unidirectional 

waves are very rare. Most often the sea waves are random with different heights, lengths, 

periods, and directions [6].  

 

Figure 5. Irregular waves and their parameters [10]. 

 

These random waves can be considered as a sum of partial regular waves. In this case, 

the use of spectral analysis is appropriate to represent a random sea state. Therefore, the 

irregular wave can be described by statistical parameters like significant wave height, 𝐻𝑠,  

the highest wave height in the analyzed sample,  𝐻𝑚𝑎𝑥, mean wave height, 𝐻𝑚𝑒𝑎𝑛, root 

mean square wave height, 𝐻𝑟𝑚𝑠, mean of zero-crossing period, 𝑇𝑧, peak frequency, 𝑓, 

peak wave period, 𝑇𝑝, wave standard deviation, 𝜎, 95th percentile 𝐻𝑠, 95th percentile 𝑇𝑝 

etc. The peak wave period or peak frequency is determined from the wave spectrum and 

corresponds to the wave with the highest energy. 

The sea state depends on wind characteristics (speed, direction, and duration), water 

depth, and fetch. That is considered constant for a range of time at a location. Thus, the 

sea can be fully developed, developing, and non-fully developed [3]. The energy of the 

wind is transferred to the sea and the waves are formed. These random waves have 

different energy levels. The energy content in the waves is proportional to the squared 

displacement of the waves,𝜂2 [3, 10]. Using the Fast Fourier transform, the wave energy 

spectrum is obtained. That shows the distribution of the wave energy content over a 

frequency interval [10]. The most used models of spectral analysis are Pierson-

Moskowitz and JONSWAP. The Pierson-Moskowitz model spectrum depends on a single 
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variable and describes a fully developed sea state, and the JONSWAP (Joint North Sea 

Wave Project) model depends on five variables and describes a non-fully developed sea 

state. These spectral models are used in the design of offshore structures [3, 10, 15]. 

In the paper, we use the Pierson-Moskowitz model spectrum, 𝑆𝜂𝜂(𝑓), which is described 

by the following relation[3, 15]: 

  𝑆𝜂𝜂(𝑓) =
𝐻𝑠

2

4𝜋𝑓5𝑇𝑧
4 e

−
1

𝜋(𝑓𝑇𝑧)4  (19) 

where 𝑓 is wave frequency, Hz;  

  𝑓 =
𝜔

2𝜋
=

1

𝑇
 (20) 

𝑇𝑧 −average mean zero-crossing wave period, s; 

𝐻𝑠 −significant height, m; 

𝑆𝜂𝜂(𝑓) − wave energy spectrum, m2/Hz. 

Thus, if the significant height of the wave and average mean-zero-crossing wave period 

are known we can recreate the energy history of an irregular wave [10]. The variance of 

the surface elevation, 𝜎𝜂
2, by definition, is the area under the curve 𝑆𝜂𝜂 = 𝑓(𝑓): 

  𝜎𝜂
2 = ∫ 𝑆𝜂𝜂(𝑓)𝑑𝑓

∞

0
 (21) 

Another important parameter is the mean zero-upcrossing rate, 𝜈𝜂 which can be 

determined with the following relation [3]: 

  𝜈𝜂 = √
∫ 𝑓2𝑆𝜂𝜂(𝑓)d𝑓

∞
0

∫ 𝑆𝜂𝜂(𝑓)d𝑓
∞

0

 (22) 

WAVE FORCES AND OVERTURNING MOMENTS  

Regular waves 

We consider a monopile extended above the sea level and embedded in the seabed. To 

determine the wave force acting on a monopile of diameter, 𝐷, the Morison equation is 

used in the case of the slender cylinders with D/L<0.2, where L is the wavelength. 

According to Morison, the wave force, 𝑑𝐹(𝑧, 𝑡), per unit height of a vertical cylinder with 

diameter, D is: 

d𝐹(𝑧, 𝑡) = 𝑑𝐹𝑖(𝑧, 𝑡) + 𝑑𝐹𝐷(𝑧, 𝑡) = 

  (𝜋/4)𝐶𝑀𝜌𝐷2 ∙ 𝑢̇(𝑧, 𝑡) + 0.5𝐶𝐷𝜌𝐷 ∙ 𝑢(𝑧, 𝑡)|𝑢(𝑧, 𝑡)|     (23) 

where 𝐹𝑖(𝑡) and 𝐹𝐷(𝑡) are inertia and drag force, N; 

𝐶𝑀 and 𝐶𝐷 − inertia and drag coefficients; 

𝜌 − sea water density, kg/m3; 

𝑢(𝑧, 𝑡) − horizontal velocity of water particles, m/s; 

𝐷 − vertical cylinder diameter, m. 
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As we observe from equation (23) the equation of Morison has two component related 

to the drag and inertia loads which depend on the velocity and acceleration of water 

particles.  

If the eq.(23) is integrated between 𝑧 = −𝑑 and 𝑧 = 0, it can be obtained the total wave 

force 𝐹(𝑡) [16]: 

𝐹(𝑡) = ∫ 𝑑𝐹𝑖(𝑧, 𝑡)𝑑𝑧 + ∫ 𝑑𝐹𝐷(𝑧, 𝑡)𝑑𝑧
0

−𝑑

0

−𝑑

 

𝐹(𝑡) = 𝐹𝑖(𝑡) + 𝐹𝐷(𝑡) =
𝜋3𝐻

2𝑘𝑇2
𝐶𝑀𝜌𝐷2 sin(𝑘𝑥 − 𝜔𝑡) +

1

8𝑘
𝐶𝐷𝜌𝐷 (

𝜋𝐻

𝑇
)

2 

 

 
sinh(2𝑘𝑑)+2𝑘𝑑

(sinh(𝑘𝑑))2 ∙ cos(𝑘𝑥 − 𝜔𝑡)|𝑐𝑜𝑠(𝑘𝑥 − 𝜔𝑡)| (24) 

Once the wave force is known, the overturning moment of the wind turbine monopile at 

the mudline level can be determined with the following equation [16]: 

  𝑀(𝑡) = ∫ 𝑑𝐹(𝑧, 𝑡)(𝑑 + 𝑧)𝑑𝑧
𝜂

−𝑑
 (25) 

According to Vugts et al [16], the maximum overturning moments can be determined 

with the following equation: 

𝑀𝑚𝑎𝑥 = 𝜌𝑔𝑎𝑑
𝐶𝑀𝜋𝐷2

4
[tanh(𝑘𝑑) +

1

𝑘𝑑
(

1

cosh(𝑘𝑑)
− 1)] + 

 +𝜌𝑔 ∙
𝐶𝐷𝐷

2
𝑎2 [

𝑑

2
+

2(𝑘𝑑)2+1−cosh (2𝑘𝑑)

4𝑘∙sinh(2𝑘𝑑)
] (26) 

Irregular waves 

As we show above, a regular wave and linear wave theory, are easy to integrate, but for 

an irregular wave, the velocity is non-linear, and is difficult to determine an accurate 

response of the structure to the action of these waves.  

Starting from the spectra of horizontal components of velocity and acceleration water 

particles which depend on wave spectrum 𝑆𝜂𝜂(𝑓) and the complex transfer functions, the 

wave force spectrum, 𝑆𝐹𝐹(𝑓) per unit length of a slender cylinder is given by the relation 

[2]:  

 𝑆𝐹𝐹(𝑓) = 𝑆𝜂𝜂(𝑓) {4𝜋2𝑓2 [cosh(𝑘𝑧)]2

[sinh(𝑘𝑧)]2 (
8

𝜋
𝑘𝑑

2𝜎𝑢
2 + 4𝜋2𝑓2𝑘𝑖

2)} (27) 

where  𝑘𝑑, 𝑘𝑖  are drag and inertia parameters given by the relations: 

  𝑘𝑑 = 0.5𝜌𝐶𝐷𝐷;    𝑘𝑖 = 0.25𝜋𝜌𝐶𝑀𝐷2 (28)  

𝜎𝑢
2(𝑧) − variance of the random velocity: 

 𝜎𝑢
2(𝑧) = 2 ∫ 4(𝜋𝑓)2 [

cosh (𝑘𝑧)

sinh (𝑘𝑑)
]

2

𝑆𝜂𝜂(𝑓)𝑑𝑓
∞

0
 (29) 
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HYDRODYNAMIC LOADS ACTING ON A MONOPILE IN THE ROMANIAN 

SECTOR OF THE BLACK SEA 

Environmental data 

We consider a monopile installed in the Romanian sector of the Black Sea in the area 

identified as optimal for installing a wind farm [12, 13](Figure 6). In this area was 

performed several measurements to monitor the wind and wave parameters per each 

season (points 6, 7, and 8 from Figure 6). On the basis of these measurements, a lot of 

studies provide the wave and wind characteristics like significant wave height, 𝐻𝑠, peak 

period, 𝑇𝑝 the wind velocity at 10 m above the sea level, 𝑈10, etc. (Table 3).  

 

Figure 6. Bathymetry of the Romanian sector of the Black Sea                                                                              

and the locations of points 6, 7, and 8 [14]. 

 

Table 3 shows the data regarding water depth, significant height, peak period of wave, 

wind speed, standard deviation, and 95th percentile of wind and wave parameters [13] at 

the locations of points 6, 7, and 8 from Figure 6. 

Table 3. Parameters of the waves and wind at the locations of the points 6, 7, and 8. 

Measurements 

points 
M.U. 6 7 8 

Mean 

values 

Water depth, 𝑑 m 41 46 35 40.67 

Mean 𝐻𝑠 m 0.88 0.89 0.90 0.89 

Max 𝐻𝑠 m 7.06 7.10 6.94 7.03 

Stdv𝐻𝑠 m 0.64 0.64 0.64 0.64 

95th 𝐻𝑠 m 2.13 2.16 2.17 2.15 

Mean 𝑇𝑝 s 4.54 4.62 4.44 4.53 

Max 𝑇𝑝 s 13.19 12.64 12.89 12.91 

Stdv𝑇𝑝 s 1.52 1.49 1.36 1.46 

95th 𝑇𝑠 s 7.33 7.38 6.96 7.22 

Mean 𝑈10 m/s 6.34 6.38 6.49 6.40 

Max 𝑈10 m/s 24.75 24.39 24.02 24.39 

Stdv,U10 m/s 3.01 2.96 3.04 3.00 
95th 𝑈10 m/s 11.80 11.61 11.92 11.78 
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The density of Black Sea water in the superior strata is calculated with the relation of 

Millero and Poisson [11] taking into account the salinity (17g/l) [9]. Therefore, the 

resulting density is 1013 kg/m3 at a temperature of 15oC. 

RESULT AND DISCUSSION  

In our paper, we use the parameters of the waves shown in Table 3 to determine the 

kinematics of these and hydrodynamic loads that will act on a monopile in different 

working scenarios. Also, we consider regular and irregular waves. 

Regular waves 

We consider two working scenarios for regular waves which have the height and period 

shown in Table 4. 

Table 4. Working scenarios. 

Working scenario 1 Working scenario 2 

Mean 𝐻 

m 

Mean 𝑇 

s 

Max 𝐻 

m 

Max 𝑇 

 s 

0.89 4.53 7.03 12.91 

 

For each working scenario we calculate all the parameters of regular waves using the 

equations (1) through (11). The result of calculus is shown in table 5. 

Table 5. Parameters of the regular waves for the two working scenarios 

Parameters Working scenario 1 Working scenario 2 

Wave length, 𝐿, m 32.055 215.744 

Angular frequency, 𝜔 

rad/s 
1.386 

0.534 

Wave amplitude, 𝑎,  m 0.445 3.515 

Celerity, 𝑐,  m/s 7.076 16.711 

Wave number, 𝑘 0.196 0.029 

Wave steepness, 𝑠 0.028<1/7 0.033<1/7 

𝑘𝑑 7.968 > π 0.1π < 1.183 < π 

𝑑/𝐿 1.269 > 0.5 0.05 < 0.189 < 0.5 

𝑘𝐻 calculated 0.174 0.205 

𝑘𝐻 Airy theory limit 832873.706 0.628 

𝑘𝐻 2nd order Stokes 

theory limit 
680215.0384 0.582 

Ursell parameter, 𝑈𝑟 0.014 4.771 

Wave category Deep water  Intermediate water  

 

According to the criteria for establishing the water waves category, for the 1st working 

scenario, the water wave is deep because 𝑘𝑑 > 𝜋 and  
𝑑

𝐿
> 0.5.  

In the case of the 2nd working scenario water wave is intermediate because 0.1𝜋 < 𝑘𝑑 <

𝜋 and 0.05 <
𝑑

𝐿
< 0.5.  

Comparing the calculated product 𝑘𝐻 with those which mark the limits of the theories 

application it results that for both working scenarios, the linear Airy wave theory and 2nd 

order Stokes wave theory are applicable. Also, from Table 5 we observe the wave 

steepness is low.  
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Further, we determine the variation of the free surface elevation and kinematics of the 

waves with the theories mentioned above (eqs. (12) through (18). The results of calculus 

are graphically shown in the figures below. 

 

                                                 
a.                     b. 

Figure 7. Variation of free waves surface. 

a. 1st working scenario for L=32m; b.2nd working scenario for L=216.3 m. 

 

  
a.                     b. 

Figure 8. Variation of horizontal component of velocity  

a. 1st working scenario for z=0.44m; b.2nd working scenario for z=3.5 m. 

 

  
a.                     b. 

Figure 9. Variation of horizontal component of acceleration 

a. 1st working scenario for z=0.44m; b.2nd working scenario for z=3.5 m. 

 

Figures 7 through 9 show that for the 1st working scenario which corresponds to deep 

water conditions, the variations with the time of the free surface elevation, horizontal 

velocity, and horizontal acceleration are the same indifferent to the used wave theory.  

In the case of 2nd working scenario (for intermediate water wave), we observe a small 

difference between the results of the two theories for variation of free surface and 

horizontal velocity especially for minimum and maximum values of these parameters. 

Also, in the case of the 2nd working scenario, for 2nd order Stokes theory, we observe an 

asymmetry between the crests (that become more sharps and higher) and troughs (that 

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0 4.5 9 13.5 18 22.5 27η
(x

,t
),

 m

Time, s

Airy wave theory 2nd order Stokes wave theory

-4

-3

-2

-1

0

1

2

3

4

5

0 6.5 13 19.5 26η(
x,

t)
, m

Time, s
Airy wave theory 2nd order Stokes wave theory

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

0 4.5 9 13.5 18 22.5 27

u
(x

,t
),

 m
/s

Time, s

u(x,t) Airy wave u(x,t) 2nd order Stokes wave

-3

-2

-1

0

1

2

3

0 6.5 13 19.5 26

u
(x

,t
),

 m
/s

Time, s

u(x,t) Airy wave u(x,t) 2nd order Stokes wave

-1.5

-1

-0.5

0

0.5

1

1.5

0 4.5 9 13.5 18 22.5 27

A
cc

el
er

at
io

n,
 m

2 /s

Time, s
Airy wave theory 2nd order Stokes wave

-1.5

-1

-0.5

0

0.5

1

1.5

0 6.5 13 19.5 26

A
cc

el
er

at
io

n
, 

m
2
/s

Time, s
Airy wave theory 2nd order Stokes wave theory



Romanian Journal of Petroleum & Gas Technology 

VOL. IV (LXXV) • No. 2/2023 

 

 

 

232 

become less sharp and more shallow) compared to the Airy linear wave theory (Figure 

7b). Therefore, for the 2nd order Stokes theory, the maximum of 𝜂(𝑥, 𝑡) = 3.876m and 

the minimum of 𝜂(𝑥, 𝑡) = −3.153m, giving a wave height of 3.515 m that is the same 

with that obtained by the Airy linear wave theory.  

As we observe from Figures 8 and 9, this difference between the results of the two theories 

is diminished in the case of the velocity and acceleration variations. Consequently, we 

consider that the linear wave theory of Airy in the case of the 2nd working scenario is 

appropriate. 

Based on the linear Airy theory, we determine the variation of the wave force per unit 

height of a vertical cylinder with the time(eq.(23)) for both working scenarios mentioned 

above and consider two values of the monopile diameter like 𝐷1 =6 m and 𝐷2 = 8m. 

Figures 10 and 11 show the variation of the inertia force, drag force, and total force for 

monopile diameter of 6m, respectively of 8m, and the two working scenarios. 

  
a.                                                              b. 

Figure 10. Variation of the inertia force, drag force, and total wave force per unit of length for D=6m;  
1st working scenario (Hs=0.89 m, Tp=4.53 s); b.2nd working scenario (Hs=7.03 m, Tp=12.91 s) 

  

a.                                                              b. 

Figure 11. Variation of the inertia force, drag force, and total wave force per unit of length for D=8m;     
1st working scenario (Hs=0.89 m, Tp=4.53 s); b.2nd working scenario (Hs=7.03 m, Tp=12.91 s) 

 

From the figures above, it results that in the case of the 1st working scenario the drag 

force, FD is very small (negligible) compared with the inertia force, FD. 

In the 2nd working scenario, the drag force is also small, the total force being strongly 

influenced by the inertia force. 
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We use the relations (24) and (26) to determine the maximum of the wave's forces and 

the overturning moments, respectively in the case of the two working scenarios and two 

monopile diameters. The calculus results are shown in Table 6. 

Table 6. Maximum wave force and overturning moment respectively. 

 𝐻 = 0.89m 

𝑇 = 4.53s 

𝐻 = 7.03m 

𝑇 = 12.91s 

𝐻 = 0.89m 

𝑇 = 4.53s 

𝐻 = 7.03m 

𝑇 = 12.91s 

𝐷1 =6 m 𝐷1 =8 m 

𝐹𝑚𝑎𝑥, kN 249.94 1638.656 444.34 2912.71 

𝑀𝑚𝑎𝑥, KNm 9150.21 45671.29 16148.13 77384.07 

 

Table 6 shows that the increase of monopile diameter with 33% leads to approximately 

77% increase in the total wave force. Also, when wave height and period increase, the 

wave forces increase by 6.5 times in our case indifferent of the value of monopile 

diameter. 

The worst working scenario is the second for the monopile diameter of 8m. In this case, 

the total force and overturning moment have the highest values.  

The maximum wave forces are registered at t=3.4 s for the first and t=9.8s for the second 

working scenario.  

Irregular waves 

In the case of irregular waves, we build the wave energy spectrum or wave spectral 

density (𝑆𝜂𝜂(𝑓)) considering the Pierson-Moskovitz model (eq.(19)).  

On the basis of the Pierson-Moskovitz model spectrum, we consider a limit for the wave 

frequency, 𝑓∗ corresponding to the lowest level of the spectrum energy and we calculate 

the variance and standard deviation of the free surface elevation (eq.(21) and the mean 

zero-upcrossing rate (eq.(22)). 

We consider also the two working scenarios shown in Table 4 and we build the wave 

energy spectra (Figure 12). Figures 12 a. and b. show a peak frequency of 0.223 Hz, 

respectively 0.077Hz. 

 

  

a.                                                             b. 

Figure 12. Wave energy spectra for a. 1st working scenario (Hs=0.89 m, Tp=4.53 s);                                      

b.2nd working scenario (Hs=7.03 m, Tp=12.91 s) 
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We set a frequency limit of 1.2 Hz because beyond this, the energy of the spectrum is 

negligible and the value of the standard deviation remains almost constant (Figure 13). 

  

a.     b. 

Figure 13. Variation of standard deviation with the limit of the frequency, f* for                                                     

a. 1st working scenario; b.2nd working scenario. 

On the basis of the spectra from Figure 12, we determine the standard deviation of the 

surface elevation and the mean zero-upcrossing rate (eqs.(21) and (22)). Table 7 shows 

the calculus result for the two working scenarios.  

Table 7. Variance and standard deviation of surface elevation and mean zero-upcrossing rate. 

Working scenario 1 (Hs=0.89 m, Tp=4.53 s) Working scenario 2 (Hs=7.03 m, Tp=12.91 s) 

𝜎2 

m2 
𝜎 
m 

𝜈𝜂 
Hz 

𝜎2 

m2 

𝜎 
m 

𝜈𝜂 
Hz 

0.0495 0.222 0.311 3.088 1.757 0.109 

 

 

a.                                             b.  

 

c.                                                                d.  

Figure 14. Wave force spectra, 𝑆𝐹𝐹(𝑓), for a. 1st working scenario, D=6m; b. 1st working scenario, 

D=8m; c. 2nd working scenario D=6m; d. 2nd working scenario, D=8m. 

0.2
0.21
0.22
0.23
0.24
0.25
0.26
0.27
0.28

0.2 0.4 0.6 0.8 1 1.2

σ
, m

f*, Hz

1.757

1.758

1.759

1.76

1.761

1.762

1.763

0.2 0.4 0.6 0.8 1 1.2

σ
, 

m

f*, Hz

0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

0 0.2 0.4 0.6 0.8 1 1.2 1.4

S F
F(

f,z
),

 1
0

6
N

2 /
H

z

f, Hz

z=35m z=38m z=41m

0

5000

10000

15000

20000

25000

0 0.2 0.4 0.6 0.8 1 1.2 1.4

S F
F(

f,z
),

 1
0

6
N

2 /
H

z

f, Hz

z=41m z=38m z=35m

0

5000

10000

15000

20000

25000

30000

35000

40000

0 0.2 0.4 0.6 0.8 1 1.2

S F
F(

f,
z)

, 
1

0
6
N

2
/H

z

f, Hz

z=10m z=20m z=30m z=41m

0

20000

40000

60000

80000

100000

120000

0 0.2 0.4 0.6 0.8 1 1.2

S FF
(f,

z)
, 1

06 N
2 /H

z

f, Hz

z=41m z=30m z=20m z=10m



Romanian Journal of Petroleum & Gas Technology 

VOL. IV (LXXV) • No. 2/2023 

 

 

 

235 

Figure 14 shows that the maximum force of the waves that act on a monopile corresponds 

to a frequency of 0.331 Hz for the 1st working scenario and 0.121 Hz for the 2nd working 

scenario. As results from Figures 12 and 14, the peak frequency for the force spectrum is 

different than the peak frequency of the energy wave spectrum.  

 

CONCLUSIONS  

The goal of this paper was to estimate the wave kinematics, hydrodynamics loads, 

overturning moments, surface waves spectrum, and wave force spectrum in the case of a 

monopile which could be be installed in the Romanian sector of the Black Sea. 

We consider also the regular and the irregular waves in two working scenarios (mean and 

maximum height and period) and also two values of monopile diameter to determine the 

wave forces and overturning moments.  

In the case of the regular wave, we determine the appropriate wave theory for the two 

working scenarios. We consider Airy linear wave theory and 2nd order Stokes wave 

theory. Based on these, we calculate the variation of the free wave surface and the wave 

kinematics. From the comparison of the results provided by the two wave theories it 

results that for the first working scenario which correspond to the deep water wave, the 

two theory give approximately the same results. Alternatively, for the second working 

scenario, it registered little differences between the results of the two theories, especially 

in the case of the maximum and minimum values of parameters. Consequently, the Airy 

theory can be used also in the second working scenario. 

The wave forces were determined for regular waves with the Morison equation. For both 

working scenarios, the drag force is much lower than the inertia force. Consequently, the 

total force is in fact equal to the inertia force. We determined the maximum wave forces 

and overturning moments and found that they increase significantly with increasing 

monopile diameter and environmental parameters. The wave forces and overturning 

moment are useful in the preliminary design of the monopile wind turbine. For irregular 

waves, we built the wave energy spectrum using the Pierson- Moskowitz model and we 

determined the variance, standard deviation, and mean zero-upcrossing rate. Also, we 

built the wave force spectra for both working scenarios and two monopile diameters. The 

peak frequency in these cases is different than the peak frequency of the energy wave 

spectrum.  
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